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ABSTRACT 

We consider the possible role that chiral orbifold conformal field theories may play in 
describing the edge state theories of quantum Hall systems. This is a generalization 
of work that already exists in the literature, where it has been shown that 1 + 1 chiral 
bosons living on a n-dimensional torus, and which couple to a U\ gauge field, give rise 
to anomalous electric currents, the anomaly being related to the Hall conductivity. 
The well known 0(n,n; Z) duality group associated with such toroidal conformal field 
theories transforms the edge states and Hall conductivities in a way which makes 
interesting connections between different theories, e.g. between systems exhibiting 
the integer and fractional quantum Hall effect. In this paper we try to explore the 
extension of these constructions to the case where such bosons live on a n-dimensional 
orbifold. We give a general formalism for discussing the relevant quantities like the Hall 
conductance and their transformation under the duality groups present in orbifold 
compactifications. We illustrate these ideas by presenting a detailed analysis of a 
toy model based on the two-dimensional Z 3 orbifold. In this model we obtain new 
classes of filling fractions, which generally correspond to fermionic edge states carrying 
fractional electric charge. We also consider the relation between orbifold edge theories 
and Luttinger liquids (LL's), which in the past have provided important insights into 
the physics of quantum Hall systems. 
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1 Introduction 



In recent years there has been a growing body of literature which has revealed that dual- 
ity symmetries, in their various forms, seem to play an important role in understanding 
connections between the various quantum Hall hierarchies [l]-[4]. These ideas appear 
to fall into two approaches. In the first [5] (see also [6] for a more recent discussion and 
references therein), one introduces a complex Hall conductivity r = a xy + i a xx (where 
&xx , &xy are the longitudinal and transverse components of the conductivity tensor) 
which lives in the upper half plane and naturally transforms under the modular group 
SL(2; Z). This complex conductivity enters as a parameter of an effective field theory 
that encodes localization in the quantum Hall system, and which is invariant under the 

2 

modular group. On Hall plateau's, a xx = and a xy = v = p/q in units of Under 
the assumption that the Renormalization Group trajectories of r "commute" with cer- 
tain subgroups of SL(2; Z), a number of properties of both the integer quantum Hall 
effect (IQHE) and fractional quantum Hall effect (FQHE) (at zero temperature) can 
be derived [5], [6]. This includes derivation of critical values of r as well as various uni- 
versal scaling exponents. These results follow from the assumption that the quantum 
Hall phase diagram comes as a consequence of the action of the congruence subgroup 
T (2) on the complex conductivity r. 

Another approach to the problem is based on the well established connection be- 
tween quantum Hall systems and Chern-Simons theories on the interior of the disc [7], 
[8] . This equivalence holds for the particularly interesting Laughlin states with filling 
fractions v = m G 2Z + 1 and its generalizations to rational v as well as to the 
hierarchy of Jain [3] . Because of the topological nature of Chern-Simons theories they 
have observables only lying on the edge of the disc, which can be shown to be equiv- 
alent to a system of chiral bosons living on this boundary [7]- [9]. When such bosonic 
theories are coupled to a background electromagnetic field, the corresponding currents 
have been shown to be anomalous, with anomaly proportional to the Hall conductiv- 
ity [4], [11]- [13] and hence leads to a natural correspondence with the boundary Hall 
current of the bulk system. Such an identification requires the bosonic edge theory 
to be chiral, and so for n such bosons, it is natural to regard them as analogous to 
the coordinates of a string compactified on a n-dimensional torus T n , but with ad- 
ditional constraint that the underlying conformal field theory be rational. It is now 
well established that toroidally compactified string theories possess so called T-duality 
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symmetries which act on the various compactified background fields through which the 
string propagates, (G^ and in the simplest cases), and which leave the spectrum 
of states invariant. In the case of strings on T n the corresponding duality group is 
0(n,n;Z) [14]. 

The authors in [15] have showed how such string dualities can be used to generate 
various quantum Hall hierarchies e.g. those due to Haldane and Jain, by choosing 
particular values for the background fields which give Laughlin's fractions, and then 
transforming with certain elements of 0(n,n;Z) to obtain new filling fractions v 1 . 
Since the spectrum is invariant under these maps, one concludes that fractions related 
this way have the same spectrum which is particularly interesting. Furthermore this 
approach allows a simple construction of the wavefunctions in Haldane's hierarchy. 

In this paper, pushing the stringy picture one step further, we consider the possible 
role of orbifold duality symmetries in the quantum Hall effect. Orbifolds are important 
kinds of compactifications in string theory, and are obtained by taking the quotient 
T n /P where P is some discrete isometry group of the torus. Effectively, taking the 
quotient modifies the topology of the torus and leads to new kinds of string states [16]. 
At the same time, the duality symmetries present after this process are subgroups, in 
general, [18], of 0(n, n; Z) of the torus. (Here we will assume we are dealing with sym- 
metric orbifolds based on underlying left-right symmetric toroidal compactifications.) 
This partial breaking of toroidal duality symmetries can be understood from the fact 
that there are geometrical constraints on the background fields Gij, B^ etc. that ensure 
they allow the existence of the discrete isometry group P . We shall see later, it is 
these new constraints that directly control the kinds of new filling fractions one can 
get following the procedures presented in [15] which we discussed above. 

Before moving on, it is worth noting that it has recently been shown [27] that one 
can may also find interesting new fractions by using so called mirror symmetries of the 
toroidally compactified chiral boson theory ( or its Chern-Simons formulation). Such 
mirror symmetries are different in general, from the "T" -duality symmetries we have 
been discussing and their existence in various string compactifications has been well 
established (see e.g. the third reference in [14] ). Indeed mirror symmetry has been 
an important tool in understanding string compactifications on so called Calabi-Yau 
manifolds. On the other hand, orbifolds are well known to encode much of the topology 
of such manifolds including properties such as mirror symmetry . One might expect 
then, that the idea of using mirror symmetry to generate new filling fractions or make 
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connections between those that are known, could also be applied to the orbifold edge 
models we consider. 

The paper is organized as follows. In section 2 we briefly review the general for- 
malism of orbifold edge theories obtained by quotienting T n with discrete isometries, 
concentrating on those aspects that will be relevant to the QHE. We show how the 
resulting theory may be coupled to a 1 + 1 dimensional U\ gauge field. We shall see 
how the basic requirement of chirality in these models can be made consistent with the 
quotienting procedure, and consider the general criterion, considered in [15], for the 
existence of fermionic edge states carrying charge — e. Implicit equations that define 
the orbifold duality symmetries are also presented. Also we discuss briefly how one can 
realize the orbifold construction within the Chern-Simons framework for describing 
chiral bosons. In section 3 we consider possible fermionic interpretations of orbifold 
edge theories. In the case of a single chiral boson, it is known that the corresponding 
fermionic picture involves the so called chiral Luttinger liquids (CLL), [2], [21] (based 
on the Luttinger model [34]), which in turn are related to the 1+1 dimensional Thirring 
model (see e.g. [17]). Generalizations of this to the case of n chiral bosons lead one to 
consider n -flavour Thirring models with n complex fermions coupled to a U\ gauge 
field. The orbifold edge theories we consider, should be equivalent to quotienting out 
this n -flavour Thirring model by some discrete symmetry. 

In section 4 we present a simple toy model based on the two-dimensional Z 3 orbifold. 
Although this does not have all the physical aspects of quantum Hall systems we 
would like, it does illustrate some of the features that one may expect in more general 
examples, whilst having the advantage of being relatively simple to calculate with. We 
show how one can accommodate Haldane's hierarchy v = ^ m G 2Z + 1 within 
this model and then use this as a starting point to obtain other fractions using the 
surviving duality symmetries. 

Finally in section 5 we end with some comments and conclusions. 

2 Duality symmetries in chiral orbifold edge theo- 
ries 

In this section we want to review the relevant orbifold constructions that have appeared 
in the string literature [16]. Although this is a large and well developed subject, we will 
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focus our attention on the specific issues of how duality symmetries manifest themselves 
on the zero modes of the chiral boson edge theory, as this is the central tool we will use 
to investigate the possible new filling fractions we can obtain in this system. In this 
respect, we will follow, more or less, the notation in [18], [19]. Orbifold constructions 
can be applied in the most general form of toroidal compactifications, i.e. the so called 
Narain compactifications [20] in which there are different numbers of left and right 
moving chiral bosons, and in which the constant toroidal background fields include not 
just the metric and antisymmetric tensor fields Gij and Bij but also a Wilson line An 
where i,j = l..n label coordinates on the torus T n and I runs over the rank of the 
gauge group (either E 8 x E 8 or 5*0(32) ). It is an interesting question to ask whether 
these more general Heterotic string compactifications, including target space Wilson 
lines, have a role to play in understanding quantum Hall systems and their possible 
generalizations [25]. 

In this paper we will restrict ourselves to constructing orbifolds based on symmetric 
(i.e. non-heterotic) toroidal compactifications. Following the approach of [15], our 
starting point is a chiral edge theory for n bosonic fields (jf , which are taken to 
transform inhomogenuously under a local U\ gauge symmetry in 1+1 dimensions as 
5\4> % = q l A, with charges q l . Their action is given by 

S = hi (f ' r(: U D ,.o'-P"o l + (fxB^^d^d^ 

-£■ J d 2 xG l3 e^8^A v - JL f d 2 xF^ (1) 

where in eq(|l|), V^cf) 1 = d^cfi 1 — q l A IM1 with A^ the 1+1 dimensional U\ gauge field, and 
the so called "anomaly" term has been included (the third term). 

The covariant U\ current J^ ov obtained from the action S is given by 

JL = W + e^V^) (2) 

which has the property that it is chiral, i.e. J^ ov = J® ov + J\ ov = 0, which follows from 
imposing the chirality condition (V — T>i) cf) 1 = T>_ cf) 1 = 0, with /i = 0, 1 running over 
coordinates t, x. As was noted in [15], this latter constraint is compatible with the (f) 1 
equations of motion, due to the modified action including the anomaly term. Imposing 
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the chirality condition is crucial to identifying the current J^ ov with the Hall current, at 
the edge of a sample in 2+1 dimensions. Indeed, the Hall conductivity an is obtained 
through the anomalous conservation law of J^ ov 

9,JL = ~ q -^fE = -a H E (3) 



where E = d$Ai — diA is the 1+1 dimensional electric field. 

In the string theory approach, 0* label compact coordinates of the string as it moves 
on the torus T n , which has constant metric Gij and antisymmetric tensor background 
fields Bij. The spectrum of such theories is well known to possess duality symmetries 
[14], which exchange momentum states with winding states, and at the same time 
transform the background fields and B^. These symmetries therefore map the 
Hall conductivity <jh to new values in general, and this has been exploited in [15] in 
making connections between various Hall hierarchies, and indeed to relate the integer 
and fractional QHE. We shall review some details of these results later, when we discuss 
the situation that applies to orbifolds. 

First let us consider applying the orbifold construction to the chiral boson action 
([!]). The presence of gauge fields again makes this construction not completely 
equivalent to the string case, and as we shall see later there are important differences. 
The mode expansion of the fields <j) l (x,t) is 



(x+) = 4 + x + G^P Lj + £ -^=iai m e- imx + + h.c\ 

m>0 



% + G^P Rj + J2 ^=K^ e ~ imX ~ + h A ( 4 ) 



m>0 



with x + = t + x and x_ = t — x, and ^ Rm {a}l Rm ) the usual anhilation/creation 

operators. The left and right moving momentum Pl,Rj have the expansion 

3 It should be noted however, that the gauge fields are absent in the string approach so that 
strictly speaking the presence of such fields breaks the duality symmetries. Such a breaking is thus 
due to the response of the Hall system to a electromagnetic field, rather than by the system itself, as 
has been argued in [15] 
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\i = ^(2m i + (G-B) l ,N^) 



Pm = ^rm-iG + B^jN*) (5) 

Here m 8 = spec (pj) is the allowed spectrum of values of the canonical momentum 
operator p[ for the chiral boson moving on T n , and N % are corresponding winding 
numbers. As in [15], rrii is allowed to assume both integral and half odd integral 
values. Let us assume that T n = R n /A where the n -dimensional lattice A has a set 
of basis vectors e*, a = l...n, so that any lattice vector v l can be decomposed as 
v l = Y^a e% a^ a with integer valued coefficients l a . One can also define the dual lattice 
basis e° which has the property that 

= $ , ~etei = 8 a b (6) 

The index % is often referred to as labelling the "space" basis, whilst the index a 
labels the "lattice" basis [18]. Using e\ and its dual, one can express various quantities 
in either of these bases. For example the metric on the torus Gij = efG a i,e b j etc. , 
where G a b is the toroidal metric in the lattice basis. Similar relations hold for other 
fields. 

Working in the lattice basis, the well known formulae for the zero mode (i.e. ig- 
noring the oscillator contributions ) parts of the Hamiltonian H and generator of x 
translations, So, are 



#o = liPlG-'PL + P^G-'Pn) 

So = ^PIG-'Pl-P^Pr) (7) 
which can be written in a more compact form as 

# = ^Eu , S =2«V (8) 

where 

(n\ (0 I„\ _ 1 /(G — B)G -1 (G + B) BG"'\ 

"= m ' " = 2 I„ 1 -G-'B G- <9) 
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I n being the identity matrix in n dimensions, and the components of the vectors n, m 
given by N l and Mj = 2mj respectively. Note that all the background G a b and B ab 
dependence lies totally in H Q , and that with this choice of basis, the quantum numbers 
u are integer valued. 

Duality symmetries are all those integer-valued linear transformations of the quan- 
tum numbers leaving the spectrum invariant. Denote these linear transformations by 
O and define their action on the quantum numbers u as 

n : u — > s n (u) = rrV (10) 

O should satisfy the constraint that fi* rjfl = r\ which immediately implies that O is 
an element of 0(n, n; Z). The backgrounds Gij and Bij are transformed via the change 

s — > fi'so (ii) 

The orbifold is defined as the quotient of the torus by a group of discrete isometries, 
the point group P which is usually taken to be a cyclic group. In the next section we 
shall consider a simple two-dimensional orbifold based on the discrete group Z3. Let 
8 l j be the action of an element of P on the torus coordinate <p l , i.e. 

P:<F — >6}(f) j (12) 
it follows that if P is a discrete automorphism of A then we have 

%4 = 4Q* (13) 

where the n x n matrix Q is integer valued and forms a representation of P. From this 
it follows there is a natural action of P on the quantum numbers u, namely, 

/Q 0\ 

P : u — ► Ru; R = (14) 

V QV 

and Q* = (QT 1 . 

In considering the applicability of the bosonic theory ([]]) to the orbifolds, important 
additional constraints have to be placed on the backgrounds G a b and B ab . These follow 
from demanding invariance of the action S under the point group P which yields 

Q*GQ = G , Q*BQ = B (15) 
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These constraints dictate that the background fields have to have the right "shape" 
in order to admit a discrete isometry. In the present context, such constraints have 
important consequences regarding the possible values that the Hall conductivity <jh 
can take, since this depends explicitly on Gij, which we shall discuss in more detail 
shortly. The observant reader will have noticed that the conditions (|i~5"D are strictly 
applicable in the string context, when there is no gauge field present. However, 
these conditions will still be applicable, and the action S invariant under the point 
group P if we demand that under the action of P, the gauge fields remain inert, 
while the charges q % transform as 

P : q i ► 6)q j (16) 

which then implies that the quantity T> fl <f)' 1 transforms homogeneously under the action 
of the point group. It can be easily seen that as a consequence of this, together with 
eqs([TB|) and flT5|), the conductivity cx# after orbifolding, is just the P-invariant Hall 
conductivity on the torus. 

Another important point we must address is the compatibility of the chirality con- 
dition we must impose on <p l namely = and the action of the point group P. In 
particular we should hope that the chirality condition still holds under this group ac- 
tion. As was shown in [15] , this chirality condition imposes restrictions on the allowed 
spectrum of zero modes, which can be written in the compact form 

E u = r] u (17) 

That eqflTTD correctly encodes the chirality condition, is clear when one recalls that Hq 
and So are proportional to the zero mode parts of (L + Lq) and (L — L ) respectively, 
where L and L are the (diagonal) left and right moving Virasoro generators. 

Now it follows from the constraints imposed earlier on G a b and B a b and the definition 
of the twist matrix R that 

R'SR = H , R*r/R=r/ (18) 

Using fll8|) it is easy to verify that the chirality condition is indeed preserved under the 
action of P. This is an important result since otherwise it would be hard to see how 
the orbifolding process has a role to play in quantum Hall systems, since we know they 
correspond to chiral edge theories [2], [4], [12], [13], [15]. 
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Now we want to consider what happens to the duality symmetries in passing from 
the toroidal to the orbifold edge theory. Again it is well known from the string approach 
[18] that in the process of orbifolding, the toroidal duality group 0(n,n; Z) is broken 
in general to a subgroup T say, where the elements of T are those transformations f2 
of 0(n, n; Z) satisfying 

[r, n] = [r 2 , n] = .... = [R N -\ n] = o (19) 

where in eq(^) we have considered the simplified case of a point group P isomorphic 
to the cyclic group Z^, with generator represented by R. Similar conditions, namely 
that the surviving duality group on the orbifold must commute with all the elements 
of P holds for more general point groups. 

This result will again have important consequences in determining the kinds of 
filling fractions and how they are related in the orbifold edge model. We shall see how 
this works in a specific model in the next section. 

Finally in order to complete our construction, we need to identify (as in the toroidal 
case) certain fermionic states in our spectrum, which we want to identify with the elec- 
trons at the edge of the Hall sample. This implies also that among such states, we 
should look for those with charge — e . In [15], it was emphasized that these additional 
constraints give the correct physical interpretation of the various filling fractions ob- 
tained by specific choices of the metric G a b and those obtained by acting with duality 
transformations. In the toroidal case, the system consists of bosons, so fermionic states 
can only be obtained through solitonic configurations via the chiral vertex operators 
V(x+) = : e : ( where are just the allowed values of the left moving momen- 

tum P Li . Note that M Li need not be integer in general. In passing to the orbifold, such 
states will also be present in the untwisted sector ( V(x + ) is invariant under the point 
group action since the Mu also rotate under the action of P ), although in general 
there will be additional sectors of the total Fock space of states which will correspond 
to the fields (f) 1 satisfying twisted boundary conditions. We will discuss these sectors 
shortly. In the toroidal approach, taking these various points into account, there are 
three fundamental constraints that have to be satisfied (here we write them in the 
lattice basis): 
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(i) (G + B) ab N b 



= M a 



(ii) G ab N b = M La } M La , = -l for some a' 6 (1,2,... n) 

(Hi) M a N a = 2p + l, p E Z (20) 

The first condition (2) in eq (|20|) is just the chirality condition we met earlier. The 
second condition implies that the charge of the state created by V(x + ), q, which is 
given by 

q = M Ll q l = M La q a (21) 

is — e if we choose q a> = e , q a = , a ^ a'. (Note a' takes only one of the values 1, ...n). 
The final condition (Hi), is required in order that V(x + ) satisfies anti-commutation 
relations . 

Now we have to consider if these constraints are compatible with the point group 
action. We have already seen that condition (i) is preserved under P. Since (Hi) may 
be written in the form u* rj u = 2p + 1 then this is also compatible since r\ is invariant 
under P. Condition (ii), like (i) is not invariant but rather both sides of the equation 
transform in the same way. However the purpose of this condition was as we noted, to 
enforce that at least some particles in the spectrum have charge q = —e. But in fact 
we see that the charge q defined in (|2lD is invariant under P since we saw previously 
that it was crucial that the charges q a transform under the point group, otherwise the 
action S will not be invariant. Note that we are not saying that if (i) — (Hi) are satisfied 
in the toroidal case, they will automatically be satisfied for the orbifolding. It remains 
to find choices of backgrounds G a b and B a t compatible with the point group P which 
explicitly satisfy these conditions. But once such a solution is found, the action of the 
point group will preserve it. 

We now return to the issue concerning the existence of twisted sector states when 
one couples the bosonic theory to a world-sheet U\ gauge field as we have described 
in section 1. Without such couplings, the fields 4> l (z,z) satisfy boundary conditions 
<\> i (ze 2 ' K \ze- 2 ' Ki ) = (9 p )i -<f) j (z,z) + 2ixv\ p = 0, 1, ..N - 1 where iV is the order of 
the point group ( Zn in this example) and v 1 G A. The untwisted sectors correspond 
to p = and satisfy the usual toroidal boundary conditions. The other values of p 
define the so called twisted sectors, and they are characterized by oscillators whose 
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mode numbers are fractional, compared to the integral ones denned in the expansions 
eq(f|), appropriate to the untwisted sector. 

Now when one allows <p l to transform under a local U\ gauge transformation, the 
gauge invariant action (|I|) implies that in general, with non- vanishing charges 

q l are not allowed to have twisted boundary conditions as described above, because 
this is incompatible with its transformations under the local U\. This can be seen from 
the fact that the Lagrange density will not be a single valued function as we encircle 
a point in the complex plane, which is required if it is a local density This is not the 
case when the U\ is absent, since then factors coming from the twisted boundary 
condition on each <p l cancel. Thus it is peculiar to the coupling of <ft l (z,z) with A^, 
that the effect of orbifolding the toroidal theory with Zn group is to place restrictions 
on the various backgrounds G, B ( and Wilson lines An if they are present ) and not 
to generate twisted sectors. The only exception to this is the case of Z 2 orbifolds, since 
in principle the single U\ gauge field A^ could satisfy either periodic or antiperiodic 
boundary conditions, and this might allow twisted sectors to occur for non-vanishing 
charges, depending on how the Z 2 point group is realized on 0\ Further investigations 
of these possibilities would be interesting. 

Twisted sectors are allowed for fields (jf whose charges are zero. But such chargeless 
fields decouple from the current J^ ov and would seem not to affect directly quantities 
of interest like on etc. However there is a subtle an interesting way in which they 
can influence what the effective duality symmetry that acts on on can be. This can 
happen in higher dimensional orbifolds ( n > 2), where it is possible that for some 
point groups, an element 8 P say, has a fixed plane as a opposed to a fixed point, 
associated with it. If we imagine going to a block-diagonal basis then one has 6 P = 
diag(9 ( - 1 \ 9^ 2 \ ...I2, ..O^^ 1 '^^"'), in the n = 2 r-dimensional case, where I 2 acts on say 
the jth plane, and the 2x2 matrices 6 l(m - ) act on separate planes. Now if the charges of 
<p l were all zero except 4=J and t=J ' +1 , then effectively we have 2 r — 2 fields satisfying 
twisted boundary conditions, whilst the latter two fields just satisfy the usual toroidal 
boundary conditions for compactification on a 2-torus. Thus essentially from the point 
of view of the fields that couple to A^ it looks like we are back to the n = 2 example 
discussed earlier, where we might anticipate a PSL(2, Z) x PSL(2, Z) duality group. 
However this is not quite correct in general. This is because the T 2 being picked out 
in the above example is a subspace of the total T n . How this embedding is realized 
(e.g. if the n -dimensional lattice A n is decomposable as A n _ 2 © A 2 , with A 2 the lattice 
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associated with T 2 , or if A n is not decomposable in this way) will determine the actual 
duality symmetry acting in these directions. If the fixed plane T 2 is associated with 
sublattice A 2 , then the duality symmetries are associated with PSL(2, Z) otherwise 
it is generically a subgroup. This property is well known from the string literature, 
in particular there are many examples [23], [24] where the effective duality symmetry 
associated with the T 2 consist of so called congruence subgroups, T (p) and r°(p) of 
PSL(2, Z) where 



As an illustration of these ideas, table 1 lists the known 6-dimensional non-decomposable 
Zn orbifolds and their corresponding lattices. [] The second column in this table gives 
the eigenvalues (£1,^2, £3) of the diagonalized point group generators written in the 
form 9 = (e 2m ^ , e 2m &, e 2m ^). In table 2 the corresponding duality groups acting on 
the various T and U moduli associated with particular fixed planes are listed (see [19] 
for further details). 

A consequence of all this is that in edge theories corresponding to non-decomposable 
orbifolds, generally there will be a restriction on the allowed PSL(2, Z) elements that 
one may use to generate new Hall fractions by acting 011% compared to t he toroidal 
case studied in [15]. One might expect this phenomenon to generalize to the case where 
some point group elements have fixed subtori T 2p p > 2 associated with them, in which 
case the duality group would be a subgroup of 0(p,p; Z). In passing, it is interesting 
to note that congruence subgroups have been suggested as playing an important role 
in the understanding of various Hall hierarchies [5], [6] so it would be worthwhile to 
investigate further orbifold models of the type discussed above. 

Before moving onto the next section, it is worthwhile recasting the previous orbifold 

construction, within the Chern-Simons framework, since this has proved a particularly 

4 6-dimensional orbifolds are important in compactifications of 10-dimensional superstring theory 
to d = 4 , which is why they have particular relevance. However, in the present context we can be 
more general, and can consider n-dimensional non-decomposable lattices 




ad — f c = 1 



/ = Omodp 




ad — f c = 1 



c = Omodp 



(22) 
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Table 1: Examples of 6- dimensional non-decomposable orbifolds and their correspond- 
ing lattices 



Orbifold 


Point group generator 


Lattice 


Z4 — a 


(M,-2)/4 


SC/(4) x SC/(4) 


Z 4 -b 


(M,-2)/4 


SU(4) x 50(5) x SC/(2) 


Zq — II — a 


(2,l,-3)/6 


SU(6) x S7/(2) 


Z 6 -II-b 


(2,l,-3)/6 


SC/(3) x 50(8) 


Zq-II-c 


(2,l,-3)/6 


SU(3) x 50(7) x SU{2) 


Z$ — II — a 


(l,3,-4)/8 


SU{2) x 50(10) 


Z 12 — I — a 


(l,-5,4)/12 


_E 6 



Table 2: Duality groups associated with the moduli of certain fixed planes in non- 



decomposable 


Zn orbifolds 


Orbifold 


Duality group 


Z4 — a 


r T3/2 =r°(2), r U3 =PSL(2,z) 


Z A -b 


r T3 =r°(2), rv 3 =r (2) 


Zq — II — a 


r T3 =r°(3), rv 3 = r (3), t Ti/2 =psl(2, z) 


Z 6 - II -b 


r T3 =r°(3), r ([/3+2) = r°(3), t t =psl(2, z) 


Z 6 -II-c 


r T3 =r°(3), rV 3 = r (3), T T =PSL(2,Z) 


Z$ — II — a 


r T3 =r°(2), t U3 = t (2) 


Z 12 — I — a 


T T:i/2 =PSL(2,Z) 



13 



important probe for studying the physics associated with quantum Hall systems in the 
past. First we remind the reader that the compactified chiral boson edge theory, which 
is the starting point for our construction, can be understood in terms of a U™ Chern- 
Simons gauge theory, with n (2 + l)-dimensional gauge field (1-forms ) V* i = l...n 
where the latter are taken to describe pure gauge degrees of freedom (ft 1 . The 2 + 1- 
dimensional action is 

K-S^ ] \V] =£t* / Vi AdVJ ( 23 ) 

~~ 07T JM 



with Kij a real valued matrix. In [26] , [27] it was shown that the above theory induces 
a conformal field theory on the boundary X = dAi given by 

S[<j>] = / (PxKijd^dvP (24) 

where in eq(|24"D we have used the notation introduced at the beginning of this section. 
Now writing = Gij + Bij we see that the boundary action (|24| ) is equivelant to 
the ungauged version of the original action we started with eq(ppp. In deriving this we 
note that although the antisymmetric tensor term in eq fl2"4|) is proportional to the 1 + 1 
dimensional metric g^, in fact the difference between this term and the one involving 
e^ u in ([I]) is proportional to the constraint <9_0\ Thus we see that the symmetric part 
of can be associated with the metric on a torus T n which explains the connection 
between the above Chern-Simons theory and toroidally compactified string theory. Of 
course in the quantum Hall context we are interested in the gauged version of the action 
(p4l) as we saw earlier. Coupling the Chern-Simons theory to the 2 + 1 dimensional 
electromagnetic gauge field 1-form A can be achieved in the following way [28] 

S[V, A] = K ■ S§ ] [V] + 53 / (V* A J, + |L A A dV*) (25) 

where J, are the dual of the quasi-particle current densities Jj , and the second term 
represents a minimal coupling of A to the topological current dV . As was argued 
in [28], integrating out the V 2 fields one finds that the corresponding filling fraction 

5 Here we follow the presentation in [28] 
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for the quasi-particles is equal to the one implied by eq@ in the gauged chiral boson 
system. 

Now to obtain the orbifold edge theory in this formalism, we "mod out" the above 
model with a discrete isometry of the torus T n whose metric is the real part of Kij. 
The action of this point group P on the gauge field 1-forms V* will be 

P : V — ► 6) V j (26) 

Since (f) 1 is identified as the pure gauge degrees of freedom in V*, this transformation 
of V* implies the correct point group action of <p l we used earlier in eq(|T^) . 

Demanding that the ungauged action eq(p3|) be invariant with respect to this sym- 
metry implies that the matrix must be P-invariant 

(e^K^e? = (27) 

which just reproduces the P-invariant conditions on the background fields G and B 
we saw earlier. For this symmetry to extend to the gauged action eq (|25|) , we require 
that the charges q l and the quasi-particle current densities Ji transform homogeneously 
under the group P as in eq(|l6|). 

Now regarding the possibility of allowing for the fields V* to satisfy twisted bound- 
ary conditions on E i.e. 

V\ze 27ri ,ze- 27Ti ) = {9 p ))V j {z,z) (28) 

(where the V* are assumed to be restricted to the boundary E), the situation is really 
equivelant to the arguments we gave earlier when working within the chiral boson 
formulation. Here we see that the Chern-Simons action will not be well defined in 
general if we allow the above boundary conditions for non-trivial matrix 9. Furthermore 
it is the terms in eq(^5|) that minimally couple A to the gauge field V 1 (i.e. those fields 
which contribute to the topological currents dV l ) that force this conclusion upon us, 
just as in our previous discussions this difficulty arose for fields (f) % with non-vanishing 
charges q l . As then, there are some caveats to these conclusions which could allow for 
possible twisted sectors for Z 2 valued twists, if the U\ gauge field satisfies appropriate 
boundary conditions. 

Having developed a general framework which extends the previous constructions 
to the case when the chiral edge theory involves scalars cj) % living on an n-dimensional 
orbifold rather than torus T n , later we will consider in detail an illustrative example of 
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the ideas presented here. We will see that this example does not fulfill all the physical 
requirements we would like, but it has the virtues of being a simple toy model which 
nevertheless illustrates the procedures involved. Given the huge and rich variety of 
orbifolds that exist, many of which have been investigated in the string literature, it 
is hard to imagine that examples cannot be found which have closer links with real 
quantum hall systems. Research towards this end is currently underway [25]. 

In the next section we shall consider how the chiral orbifold edge theories we have 
been discussing might be connected to generalizations of so called chiral Luttinger 
liquids, which appear in the fermionic description of quantum Hall systems. 

3 Connections between orbifold edge theories and 
generalized Luttinger Liquids 

A system of many fermions at low temperatures, in the normal state, in 3d, is de- 
scribed by the Landau-Fermi theory. According to the theory, there is a one to one 
correspondence between the quasi-particle excitations of the interacting system and the 
excitations of the free fermion gas. The parameters of the theory are phenomenological 
and are extracted from experiments. In Id, this Fermi-liquid picture breaks down [33], 
[35-36]. For example, the correlation functions have algebraic behaviour with anoma- 
lous exponents [10]. One model of interacting fermions with universal features is the 
Luttinger model [34]. In fact it has been proved [21] that the low energy effective 
theory of edge excitations in the fractional quantum hall case are described by a chiral 
Luttinger liquid and the anomalous exponents mentioned above are known. We shall 
give a very brief review of some properties of LL's, based on the recent comprehensive 
study presented in [17], (and references therein). 

Linearizing the free electron dispersion relation about the two Fermi-points, and 
then adding local interactions one finds a LL Hamiltonian of the form Ho + Hi nt , where: 

Hq = —— ^2/{J n J-n + JnJ-n) 
L n 

H int = YJ2( 2 9lJnJn + 92(JnJ^n + JnJ-n)) (29) 
L n 

where in the above Hamiltonian, L is the perimeter of the circle which the fermions of 
the LL are confined to, and g±, g 2 are coupling constants, up is the Fermi velocity which 
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enters the linearized dispersion relation for the 1-d Fermi gas, eu n {k) = up(ak — kp), 
with a = ±1 for the right and left Fermi points labeled R, L. Here k is the wave 
number and hp the Fermi wave number. 

The operators J n and J n are the moments of two commuting U\ currents J{<j), 

Jn = f L J(a)e +2mn ida 
Jo 

J n = f L J(a)e- 2mn ida (30) 
Jo 

These currents are in turn, related to the L, R components of a Dirac fermion fields 
\l/i?(cr) and ^l(ct) that describes the infinite Dirac sea that is present in the infrared 
limit of the LL, 

J(a) = : tf R (cx)* R (a) : , J (a) = : ^ L (a)^ L (a) : (31) 

The operators J n , J n satisfy the usual U\XU\ affine algebra. 

The total Hamiltonian, in the form eq(^), is not diagonal in the current operators. 
This can be remedied by a Bogoliubov transformation which redefines the currents [10] 
and in terms of new current operators J n , J n the Hamiltonian can be written in the 
diagonal form 

Hta = — — ^2,{J n J- n + J n J-n) (32) 

L n 

with us the modified Fermi velocity 

u s = \j{u F + g 2 ) 2 -g\ (33) 

The current and density fields j(a) and p(cr) of the 1-d model are identified as [10] 

p(a) = a-W(J(&) + J{a)) , j(a) = u s a^i J {a) - J {a)) (34) 

where 
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un = u F + gi+ g 2 
uj = Uf - gi + #2 

ol = \Ju N /uj (35) 

un and uj being the charge and current velocities of the LL. Note athough a slight 
misuse of notation, we use the same symbol a in eq(|3~5D as appears in the linearized 
dispersion relation we saw earlier in the non-interacting case, since it corresponds to 
the same quantity generalized to the interacting case. Basically the physical properties 
of LL are controlled by the two parameters us and a. 

Now an important feature of the LL Hamiltonian in its diagonal form eq (|32|) is that 
it can be given a CFT interpretation, at least in the infrared limit. The current -current 
form of H tot is suggestive of a Lagrangian description in 1 + 1 dimensions which has 
4-Fermi interactions, since we have seen that each current is bilinear in terms of the 
R,L components of Dirac fermions. The Lagrangian description is just the 1-flavour 
massless Thirring model based on the group U\, with Lagrangian (in Euclidean form 
space) 

C = W L d u V L + M* R d v V R - h^ L ^ R (36) 

where u = r — a , v = r + a and h the 4-Fermi coupling . Q Clearly the coupling h 
must be related to the parameter a that controls the coupling strength in the LL. We 
shall discuss the precise relationship shortly. 

An interesting property of the massless Thirring model is that it has been shown 
to be equivelant to a single bosonic field 0(r, a) compactified on a circle of radius R 
[29]. This relationship is somewhat subtle as it turns out that to reproduce the full 
spectrum of the compactified boson, the Thirring fields \p£, have to satisfy twisted 
boundary conditions, in general, in the compact coordinate a. (Note that this twisting 
of the "fermion" boundary conditions is not to be confused with the twistings related 
to orbifold compactifications which we are discussing in this paper, which have to be 
considered on top of these.) Since the radius R is effectively the only parameter of the 
boson model, it must be related to the coupling h. In [29] it was proven that complete 

6 Here we follow the notation of [29] 
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equivalence of spectrum in the two formulations requires h = ^(R — J=>), so that R = 1 
corresponds to the usual free-fermion point. 

In [17] it was also shown how the LL has a bosonic formulation, again as one might 
anticipate, the boson is compactified on an circle whose radius R was shown to be 
given by R = y/a, so that h = -^(y/a — ^=). This is consistent since in the case of a 
non- interacting LL, un = uj and so it! = 1 

Having reviewed some basic properties of standard LL's, what remains is to discuss 
their relation to incompressible Hall fluids. Basically the idea is that if one considers 
such a fluid defined on an annular geometry, or equivalently on a cylinder, then the 
edge theories along each of the two boundaries can be described by the two chiral 
sectors of the Luttinger CFT. That such an identification can reproduce the physical 
properties of Hall fluids can be understood from studying charge transport between the 
two boundaries in the presence of an adiabatic magnetic field (see [17]). In doing so 
one can learn that basic features like the transport of an integer or fractional number 
of electrons from one edge to the other as one increases the magnetic field by multiples 
of the flux quantum <3> > can be predicted from the Luttinger CFT . In this way one 
finds that the filling fraction (which is related to an in the usual way) is given in terms 
of the parameter a (or the radius R) of the LL by v = a" 1 = R~ 2 . 

At this point we can make contact with the (gauged) chiral boson formalism for 
studying quantum Hall systems [15] upon which the present paper is based. The 
additional features that these models incorporate, compared to the bosons we have 
described above is chirality and coupling to a (7i gauge field. But both these can be 
included in the fermionic picture of LL's. Chirality of the boson theory means focusing 
on one of the two chiral sectors of the LL and gives rise to so called chiral Luttinger 
liquids or CLL's . They are examples of rational LL's, that is the parameter a must be 
rational which immediately follows since the corresponding radius of the compactified 
boson must also be rational to be consistent with chirality [15]. The second feature, 
namely coupling to an external electromagnetic field can also be achieved (see [17] and 
refs. therein). 

It is interesting to note that the predicted relation between the radius R and v as 
seen above is the inverse of the prediction we get from the anomalies argument in the 
gauged chiral boson which gives v = R 2 . However since there is a duality symmetry 
R — > in the system, the two predictions are equivelant. 

Now we consider how the orbifolding procedure we have studied in this paper, 
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manifests itself within the fermionic LL picture described above. Clearly one needs 
to consider the generalization to n bosons, which naturally leads one to n-flavour 
LL models, which would have Hamiltonian similar to those considered in eq(^) or 
eq(|52"D with inclusion of an index i = l....n on all the operators. There would be 
a correspondingly larger number of possible coupling constants analogous to g± and 
#2- The resulting model would presumably be related in the infrared to the n-flavour 
massless Thirring model which can be written as 

with a matrix of coupling constants h^. As shown in [29], by assigning suitable bound- 
ary conditions to the fields ^ l Ll the various charge sectors of the model can reproduce 
the states of a set of bosons <p l identified as coordinates on a torus T n , in the presence 
of metric Gij and antisymmetric tensor Bij, which was our starting point in section 1. 
The explicit connection between these background fields and the couplings is 

j^ai _ ^ai r^ai _|_ -yab i^bi 

V ai = Z ai _ %ai _ yah phi (gg) 

where the real matrices Z ai (Y ab ) are symmetric (antisymmetric) respectively and Z a% 
is the inverse of Z m . These are related to the backgrounds and B^ in the bosonic 
model, however, as discussed in [29], there is no unique dependence of Y a b and Z a% 
on these backgrounds. Rather there are various (equivelant) choices, each of which 
determines the boundary conditions on the fermionic operators, and indeed whether 
the latter are to be regarded as free fields or not. As a specific example, (see [29] for 
details) one such choice is Z a% = e ai , Y a b = B a b in which case the fermions are 
interacting (h^ ^ ). It is clear from this that all the constraints that we must impose 
on the couplets (G, B) in order to capture the correct physics of quantum Hall systems, 
as given in (i) - (iii) of eq(pO[) can now be viewed as constraints on the corresponding 
n-flavoured LL and its CFT representation eq([H]). In addition we need to impose the 
geometric constraints eq(|T3]) to encode the orbifold constraints. This will impose the 
following conditions on the Thirring couplings hij 

h ab = Q tC a h cd Q d b (39) 
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where we have written quantities in the lattice basis. Thus an immediate consequence 
of considering orbifold edge theories to describe Hall plateau's is that there are further 
restrictions on the allowed form of the LL Hamiltonians compared to the toroidal case. 

In the present formulation, we can address the issue concerning possible new bound- 
ary conditions that the various fields satisfy in the orbifold case, (i.e. the twisted sec- 
tors). Our previous arguments concerning this apply here, i.e. that because of the 
coupling to the U\ gauge fields it is difficult to see how general Zn, N > 2 twisted 
boundary conditions can be allowed for the bosons <fr l . Note that the bosonization 
rules 

du<j> a = \B ai nn = ji 

d^ a = \D ai n^ R = Jr (40) 

allow for arbitrary twistings of the R boundary conditions, since the corresponding 
phase factors just appear as global transformations which leave the currents in 
eq(f40|) unchanged. The same is true even if one couples the Thirring model to a U\ 
gauge field (which is equivelant to the gauging that gives the corresponding bosonic 
model), since this coupling is through the currents themselves. As we mentioned before, 
these twistings are independent of those normally associated with orbifolds. Orbifold 
boundary conditions would imply that the currents J % L R satisfy (in the Zn case) 

Jl R (a + 2n) = (0 P )}J£» (41) 

for p = 1..N. In the ungauged theory, such boundary conditions are permissible 

if the couplings hij satisfy the constraint eq(|39|) and the resulting theory would be 

equivelant to the bosonic orbifold spectrums (again ungauged) we have discussed in 

the last section. [] Including the coupling to a (7i gauge field we are lead to the same 

conclusions discussed in the last section, here seen in the fermionic picture. 

Because of the equivalence of the n-flavour Thirring model and bosons on T n , the 

duality symmetry group 0(n, n; Z) of the latter is also a symmetry of the former, and 

7 Details of this equivalence in the n — 1 case (where the orbifold is the line element S 1 /Z2) was 
shown some time ago [22] 



21 



should also be a symmetry of the corresponding generalized LL. The same will be 
true of the orbifold model for the surviving duality subgroup of 0(n,n;Z) discussed 
in the last section. The LL picture offers an interesting alternative way of seeing how 
duality acts on the filling fraction v of the corresponding Hall systems, and it would be 
particularly interesting to investigate the details of this [25] . For example, determining 
the effect of such dualities on charge transport from one edge to the other within LL 
would offer a physical picture of how dualities are linking states of different filling 
fractions, in both the toroidal and orbifold models. 

Finally, in ending this section, we make some brief comments about the finite tem- 
perature case. It has been shown in the past [30] that using CFT models to describe 
finite temperature Fermi liquids, in the Euclidean time formalism, leads naturally to 
considering CFT's defined on a 2-torus rather than the complex plane. In CFT and in 
string theory one is used to the idea that for consistency one has to put constraints on 
the model one is considering by demanding that the 1-loop partition function, which 
is related to the Euclidean partition function of the Fermi liquid, be invariant under 
the action of the modular group of the torus r — > ^pqrg where r is the complex 
modulus of the 2-torus. In string theory this is necessary for unitarity and to avoid 
global world sheet anomalies, since such modular transformations are just large coor- 
dinate transformations. These worldsheet anomalies are related to various space-time 
anomalies. However in models where there is no space-time interpretation, imposing 
modular invariance may not always be appropriate. In [17] it has been argued that 
for LL's corrresponding to the single boson case, the appropriate choice of boundary 
conditions on the world sheet torus, and their relative weight, is not dictated by mod- 
ular invariance but by matching conditions with the LL partition function (a general 
class of such partition functions, based on extended characters, has been calculated in 
[32]). This might also be the case for our orbifold edge theories; the correct weights 
of untwisted/twisted sector boundary conditions on the torus should reproduce the 
"twisted" generalized LL partition one gets by orbifolding the Thirring model. That 
these weighted boundary conditions would differ, in general, from the modular invari- 
ant ones, means for example that (unlike in the usual orbifold constructions [16]), we 
may not be forced to project onto P-invariant states. 
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4 Quantum Hall fractions in the Z 3 orbifold: A toy 
model 



In this section we will study in detail the two dimensional orbifold T 2 /Z 3 where T 2 is 
the maximal torus associated with the group SU(3). A basis of lattice vectors is given 
by the set of simple roots ei,e2 which transform under the Z 3 point group generator 
0j, i,j = 1, 2 as [31] 

0e 1 = e 2 , 0e 2 = -ei - e 2 (42) 
which can easily be checked to give the Q matrix 

Q = _M , Q 3 = h (43) 

Now the Z 3 invariant forms of the metric and antisymmetric tensor fields are easily 
calculated to be 

G^i( 2j " , B=f° ") (44) 

2 V 5,1 2g u ) \-b 0) 

where gn and b are real parameters. The surviving duality symmetries acting on 
these fields can be determined as follows. Firstly, for the theory defined on T 2 , the 
duality symmetry group is 0(2, 2; Z) which is isomorphic (up to additional Z 2 factors) 
to the group PSL'{2,Z) x PSL(2,Z). Each of these PSL(2,Z) factors acts on the 
4-dimensional vectors U* = (N l , N 2 , Mi, M2) as follows: 



PSL'(2, Z) : n 



PSL(2,Z) : CI 



-1 



d'I 2 -c'L 
b'L a' I 2 

M \ 
M* 



M =(-c~!) • L ^(-°io) (45) 



where the integers a, f, c, d and a', b', c', d' satisfy af — be = a'd' — b'd = 1. Now since 
the matrix R in this example generates a subgroup of the PSL(2, Z) defined in (f45D, 



23 



the unbroken duality group T in the Z 3 orbifold, as determined by the conditions Q19D 
is just PSL'(2,Z). Q 

Defining the complex modulus T = 2(b + i^gu ), this surviving PSL(2, Z) acts 

as 

a'T + b' 

T 46 

c'T + d' v ; 

and is the familiar T-duality present in compactified string theory. 

Now let us consider solving the constraints (i) — (Hi) given in eq (|2~0|) . We will begin 
with the choice Mli = — 1 and consider alternatives later. One can find the following 
expressions for N 2 , Mi, M 2 and M^ 2 as functions of the parameters gn, b and N 1 

N 2 = -2 ^i 1 — 2N 1 



Mi = -l-2N 1 b-2g u 1 b 
M 2 = -^g n N 1 -2-N 1 b 

M L2 = -2-^gnN 1 (47) 

From which we learn that gn = 2/p , p G Z and N 1 = a' p , a' G Z, and 
b = k/p, k G Z. Substituting these into the constraint (Hi), one finds that 

N 1 M 1 + N 2 M 2 = 2a'p + 2p(2a' + l) + 6a' 2 p (48) 

so that in fact, with the choice Mn = — 1 the solution of (i) and (ii) describes bosonic 

rather than fermionic states, since the spin factor in ( |48D is even and not odd as we 

require. Given that this is not quite what we want, are there other solutions? We can 

instead impose that M^ 2 = —1 (there is no exchange symmetry in eq(pO|) between 

Mli and M^ 2 so in principle, this choice leads to different solutions.) Getting a charge 

8 Strictly speaking the surviving duality group denned by ) is PSL'(2, Z) x Z3. However, the 
additional Z3 symmetry is not relevant for the purposes of this paper, and does not act on the T 
modulus as defined above in (46). Indeed this Z 3 symmetry is a subgroup of the PSL(2, Z) that acts 
on the complex U- modulus which appears in string compactifications on T 2 , given in terms of the 
metric by U — (gi2 + i VdetG). When one passes to the orbifold and uses the Z3 invariant form 
of the metric (44) , it is apparent that this U modulus is just a fixed complex constant which plays 
no role in what follows. 
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— e state would follow from choosing q l ~ x = , q l ~ 2 = e, whereas previously we would 
have q l=1 = e , q %=2 = 0. In this case one finds 

3 AT i 1 , i bN l 

M L1 = -1 + lguN 1 (49) 

from which we learn that, writing N 1 = s G Z, that gu = 2/t, t G Z with 
the condition that s + t G 2 Z. At the same time t must be a divisor of s so we 



write s = pt for some p G Z and then we find that the allowed values of b are 
6 = -y. Finally calculating the spin term iV*M we find after substituting the values 
N 1 = pt , N 2 = -£(p + 1) , Mi = |(p(3 — fc') — 1 — fc') , M 2 = -1 - /c'p , 

N'M = ^(3p 2 + l) (50) 
It would appear that demanding N l M be an odd integer has two solutions 
(i) 3p 2 + 1 = 2m t, n G 2Z + 1 

(ii) t = 2m me 2Z + 1 pG 2Z (51) 

However it is impossible to find integers p and odd integers u satisfying eq([51] )(i) 
so we will assume the second solution (ii). 

We note that using this solution, we have the further condition that k' G 22 + 1. 
Thus by imposing the condition Mi2 = — 1 we have found the necessary conditions on 
the various parameters to provide a solution to (i) — (Hi) given in eqs(|20|). Note that 
with this choice of p, one has M^ 2 G Z. 

It is easy to see that with the above choice of charges q % and metric component gn, 
the Hall conductivity <7h and the corresponding filling fraction, v are given by 

e 2 2 2 1 

^ = f(y) , »= 7 = - (52) 
2n t t m 

As discussed in [15] there is a condition that the inverse metric G _1 G Z in order that, 
for example, the edge state wavefunctions have correct analyticity properties. Since we 
have, in our example, 
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3 V -t It) 



(53) 



we learn that t must be integer multiples of 3. The fact that t/3 must be integer can 
be traced to the fact that we are considering a Z3 orbifold in the present model, but 
in general we can expect that for orbifolds, or those with point groups containing 
N th -ovdev elements, a similar constraint will hold involving t/N. This is a particularly 
interesting and clear difference between the torus and orbifold edge state theories, since 
in the former there are no such constraints on the integer appearing in the denominator 
of the filling fractions u, other than it being odd. 

Having found at least one set of values of the fields b, gu and corresponding filling 
fractions that define chiral edge theories which contain fermionic particles with charge 
— e, our strategy, is to see if we can generate new filling fractions by making use of 
the surviving duality group Q present after the orbifolding procedure. In particular 
the most stringent conditions on whether or not this can be achieved, will comes from 
demanding that the transformed "couplet" (B', G') satisfy conditions (i) — (Hi) of 
eq©- 

Since in our simple example, F = PSL(2, Z) we can in fact calculate explicitly 
the most general form of the new filling fractions obtained in this way. From the 
transformation properties of the H matrix defined earlier, we have 



(G- 1 )' = A| ((G-BjG-^G + BjAa + BG^ 
+ A4 (-G~ 1 BA 2 + G 1 A 4 ) 



B^G" 1 )' = A* ((G-B)G- 1 (G + B)A 2 + G- 1 A 4 ) 

+ A3 (— G _1 BA 2 + G _1 A 4 ) (54) 

where the 2x2 matrices A1....A4 are given in terms of the general element uj G 
PSL(2, Z) as 

\A 3 Aj \SL ah I 

with a (3 — ^7 = 1, and the matrix L was defined earlier. Substituting the values 
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1 (2 1\ 1/0 fc'\ 

G = tVl2/ B = t l-A;' j (0( ' >) 



after some algebra one finds 
G' = 



1 (Wu 9n 

2 Uii 29'n 



^ n = 2a 2 t 2 + 2 1 2 (k' 2 + ?,)-Aa 1 k't ^ 
which yields the most general PSL(2, Z) transformed filling fraction 



v = ^2 (58) 

a 2 t-2a-fk' + -^{k' 2 + 3) 

What remains is how to interpret the (quasi)-particles in the edge theory that are 
responsible for these new fractions. The situation is simplified by the fact that condi- 
tions (i) and (Hi) in eq(|20|) are satisfied by (B', G') if they are satisfied by the initial 
couplet (B, G). (In fact the spin N f M is duality invariant ). This means that the quasi- 
particles of the transformed fractions will have Fermi statistics if we take the particular 
solution for (B, G) given in eq((49|). The issue concerning what charges they have is 
more subtle as the condition Mn is not invariant but transforms under PSL{2, Z). In 
general we can expect that the charges of the transformed states are fractions of — e 
. This fact has been highlighted in [15], and a priori it may not be unacceptable that 
certain filling fractions are described by such particles. Having said that, we can try 
and see if any of the fractions given in eq(^) can correspond to electronic edge states. 
In the toroidal theory, new fractions were obtained that did have this interpretation. 
The "trick" in showing this was to note that if one has as a result of a particular 
duality transformation, B' = 0, then conditions (ii) and (Hi) are equivelant, and the 
corresponding couplet will be a solution. In the T representitive 0(2, 2; Z) 

transformation that achieves this is (in our notation) 

B ^ B' = 0, J = ( h ~ L ) (59) 



I 



2 



with the initial couplet 
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G 



1 (2p -1 
2mp \ -1 m 



B 



1 / 1' 
2mp \ —I 



(60) 



Returning to our example, the most general transformation of the combination BG 1 
under PSL(2, Z) is 



(b 2 t 2 +3) 



B'G 



t 
3 



V 2/^7^4^ - 2a(3b + 2a5 - 2j5b -(3^^^ + a(3b - a5 + j5b ) 
1 1 (61) 

where we remind the reader that b = k! jt. We can determine B' from eq(|6lD given the 
form of G' in eqflSTp. 

If we now consider the solutions to the condition B' = 0, then we find two con- 
straints 



{b 2 t 2 +3) 



(3 7 = 

for which there are two solutions 



7 = 



aS-(Pa + 'j5)b = 



a = = ±1, b = ±5 



(62) 



in 



{3 = 



7 = — 5 = ±1, b = ±a 



(63) 



These solutions imply that in (i) k' = ±5 1 and (ii) k' = ±a t respectively, which 
means that k' G 2 Z. However this contradicts the assumption that k' G 2 Z + 1 
which was required to ensure that the edge state described fermionic particles (see 
below eq(E)I)). Thus in order to maintain charge — e particles in the edge theory ( 
setting B' = being one way of achieving this) we are forced to have bosonic edge 
states. Conversely if we demand that our original couplet (B, G) describe charge — e 
fermions, then we have to accept that in the transformed theory B' ^ 0, and the 
fermionic states in this theory will have fractional charges in general. This situation 
is clearly very dependent on the particular choice of orbifold model, and given the 
huge class of orbifolds that have appeared in the string literature (see [31] for a partial 
classification) it is very hard to imagine that models cannot be found where we can 
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have charge — e fermionic edge states in both the original and transformed theories, as 
in the toroidal case. Work in obtaining examples of this kind is in progress [25]. 

So let us continue with keeping our general transformed (B', G') and calculate the 
general expression for the transformed electric charge q' of the fermionic edge states 
that give the filling fractions eq(|58|) . Using eqs(|2l|) and the transformation properties 
of Mu the result is 

q > = e 2t(- a t->y(3p-V)) 

y 2a 2 t 2 -4a 7 A;'t + 27 2 (A;' 2 + 3) 1 ; 

There are some obvious choice of elements u G PSL(2, Z) (other than the identity) 
for which the transformed charge q' is an integer multiple of e. Consider the "axionic 
shift" elements given by a = [3 = ±1,7 = and 5^0. In this case q' = q = —e 
since these shifts do not affect the charge, and furthermore they also leave the filling 
fraction invariant (its easy to see from eqfl5"8|) that v' = v for these shifts.) It is not 
obvious whether these are the only elements for which q' is an integer multiple of e, 
As we anticipated, q' given in eq (|64l) is generically given by fractional multiples of 
the electronic charge. Finally we look at some particular PSL(2, Z) elements and the 
filling fractions they give. Taking for example, a = , 7 = —5 = ±1 gives the 
filling fraction and charge 

;/ = _2t l = ±t(3 P - x ) 
3 + x 2 e x 2 + 3 

where in obtaining these equations we have set, without loss of generality, b = k' jt = 
(at + x)/t , xG2Z+l, the latter condition on x ensuring that we have fermionic 
edge states. Recall that p G 2 Z, and m G 2 Z + 1. Now taking x = 1 gives odd inte- 
ger values of v' — m corresponding to the integral quantum hall effect, since t = 2m. 
Moreover, since we saw earlier that m is required to be an odd integer divisible by 
3, another choice x = 3 gives arbitrary odd integer filling fractions v' = m/3. In 
both these cases the corresponding charges are given by odd integer multiples of — | e. 
Unfortunately, quasi-particles carrying fractional charges with even denominators are 
apparently ruled out by physical data, so the Z 3 orbifold toy-model under discussion 
in this section must remain just that. In any case it would be somewhat remarkable if 
one of the simplest 2-dimensional orbifolds should satisfy all the physical requirements. 
At least the model illustrates the existence of duality transformations that connect the 



29 



original filling fraction v = ^ with states with v' = m and ^r, each case correspond- 
ing to a different choice of b field. It also provides positive motivation in searching for 
other orbifold models wich yield more realistic quasi-particle spectra. 

Another notable set of filling fractions are those of the Jain hierarchy [3] , which are 
given by the series 

V = 9 ~T » v = 9 _ J_ ( 66 ) 

with m E 2 Z + 1 , p G Z . From the general form of the transformed fraction eq (|58|) , 
taking A;' = 1 , a — (3 — +1, 7 = ±1, 5 = gives v' = (miH-^-)" 1 which is a Jain 
fraction with p = m ^ - . Similarly another subset of Jain fractions can be obtained 
from the values k' = 3 ,a = (3 = +1, 7 = ±1 , S = gives v' = (m ± 3 + ^) 
which corresponds to p = m ^ ~ - These are Jain fractions by virtue of the fact that 
the odd integer m is divisible by 3 as we saw earlier. 

One may ask what are the most general Jain fractions one can obtain this way. 
Writing k' = 2w + 1 , w G Z, then we can write 

v' = 1 — r , p G Z, m e 2Z+1 (67) 

9 T) A — 

^p -I- m , 

if 

m = m'<y 2 (w 2 + w + 1) , 2p = a (am'<y 2 (w 2 + w + 1) - 7 (2w + 1)) (68) 

Since m and m! are both odd integers, then we require 7 G 2Z + 1. Then one can 
easily see that the right hand side of the second equation in eq(|68"D is always an even 
integer, for arbitrary integer values of a and w, and arbitrary odd integers 7 , subject 
of course to the constraint a (3 — 7 5 = 1. This therefore defines the integer p of the 
Jain fraction. Whether eqs(|67D and flBlf ) constitute a complete parameterization of 
Jain fractions of the type given in the first part of eq(^) is an interesting question. 
Certainly the situation in the Z 3 orbifold case is different than in the T 2 . There by 
taking different starting values for G and B, it was shown that the Jain fractions 
eq(|67D can be obtained via certain 0(2,2; Z) transformations of the original fraction 
u = m' Since such dualities are a symmetry of the total edge state spectrum, one 
of the surprising conclusions in [20] is that the fraction v = ^ and those of the Jain 
hierarchy, share the same spectrum. 

In our case the connections are more subtle and complex, in particular there will be 
different values of the odd integers m and m! that enter the Haldane and Jain fractions, 
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unlike the toroidal case where they are equal. Of course it has to be remembered that 
this is a toy model, only illustrative of the possible applications of orbifold edge theories 
as remarked earlier. 

5 Conclusions 

In this paper we have presented a general formalism for investigating the possible 
role that chiral orbifold CFT and their corresponding duality symmetries, may play 
in understanding the interconnection between various quantum Hall hierarchies. Con- 
sidering orbifold edge theories in this way, provides a natural generalization of the 
previous work in the literature, which has made use of the well known toroidal duality 
group 0(n,n; Z) present in strings compactified on T n . Strings compactified on orb- 
ifolds share many features with those compactified on T n as well as introducing new 
features. One of these features is to place further geometric conditions on the allowed 
values of the background fields Gij and which affects directly the allowed values 
of Hall conductivity er# and hence the filling fractions one can obtain by applying du- 
ality transformations to the couplet (G,B). We have derived the general conditions, 
analogous to the toroidal edge theory, which imply that the states responsible for these 
filling fractions are fermions carrying charge — e. 

The connection between chiral orbifold edge theories and Luttinger liquids, and 
their CFT representation in terms of n-flavour massless Thirring models was also in- 
vestigated. The geometric constraints placed on the background fields G , B manifest 
themselves as constraints on the Thirring model couplings hij . These in turn should 
place constraints on the various couplings of the n-flavour Luttinger model. It would be 
interesting to investigate the details of this, as one would then learn how the geometric 
symmetries of orbifolds directly translate into "selection rules" for allowed interactions 
in the generalized Luttinger model. At the same time, it would be worthwhile in- 
vestigating charge transport between boundaries in this model, as this would provide 
an alternative derivation of the kinds of filling fractions one can find in orbifold edge 
theories. 

We illustrated the general formalism presented in this paper, with a simple toy 
model based on the 2-dimensional Z 3 orbifold, and have seen that the basic constraints 
allow a description of Haldane fractions with v — m odd. The most general 

duality transformed filling fraction v 1 was derived and although this toy model has 
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the feature that the corresponding transformed edge states carry fractional electronic 
charges in general, we have seen that integer filling fractions as well as certain subset 
of Jain's hierarchy can be obtained this way. 

As we have mentioned earlier, the fact that these latter states have particular 
fractional charges that are apparently ruled out by physical data is a consequence of 
the specific Z3 orbifold in this example, and is not a feature that is expected to hold 
for all orbifolds. Indeed since the known class of orbifolds is vast, and their properties 
quite diverse, we anticipate that a systematic search should yield models with more 
physical quasi-particle spectra. 
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